Some basic concepts are discussed to derive renormalisation factors of local lattice operators relevant to deep inelastic structure functions and to other measurable quantities. These Z factors can be used to relate matrix elements measured by lattice techniques to their continuum counterparts. We discuss the O(a) improvement of point and one-link lattice quark operators. Suitable bases of improved operators are derived. Tadpole improvement is applied to get more reliable perturbative results.
Introduction and some basic definitions of DIS and OPE
In deep inelastic lepton scattering (DIS, see e.g. [1] ) (with 4-momenta k and k ′ ) on hadron (p with p 2 = M 2 ) the inclusive differential cross section for eP → e ′ X in the hadron rest frame is given by d 3 σ dx dy dφ = e 4 16π 2 Q 4 y l µν (k, q, s l ) W µν (p, q) λλ (1) with the standard notations
is the momentum transfer in the scattering process, φ the azimuthal scattering angle of the outgoing lepton, s l (with s 2 l = −m 2 l ) the initial lepton polarisation vector and λ denotes the initial hadron polarisation (±1/2 for spin 1/2 target). All information about the cross section is contained in the leptonic and hadronic tensors l µν and W µν . While l µν is known, the hadronic tensor
with the electromagnetic hadronic currents j µ (x) contains the strong interaction effects which are not completely accessible to perturbative QCD. The most general hadronic tensor for polarised DIS from spin 1/2 targets is usually written in the form
Here F 1,2 and g 1,2 are the structure functions and s µ the polarisation vector of the nucleon with s 2 = −M 2 . In a parton model interpretation the structure functions F 1,2 contain information about the overall density of quarks (and gluons) in the nucleon and g 1 probes the distribution of quarks of given helicity in a longitudinally polarised nucleon (Q i is the quark charge, q ± (x)(q ± (x)) denotes the distribution function of quark (antiquark) with momentum fraction x and helicity parallel/antiparallel to its parent nucleon)
The structure function g 2 has no simple interpretation in the parton model. One can derive sum rules (moments) for the structure functions directly from QCD using the operator product expansion (OPE). The starting point is the time-ordered product of two hadronic currents
the matrix element of which gives the well-known Compton amplitude. This amplitude is related to the hadronic tensor W µν via the optical theorem
To calculate the Compton amplitude in QCD one relies on OPE which allows to write the product of two local operators O a (z) and O b (0) for vanishing distance z as an expansion in local operators. In the Fourier transform version of OPE one has
The Wilson coefficients c abd (q) (in general singular at q → ∞) are independent of the matrix elements, provided q is much larger than the characteristic momentum in any of the external states.
The local operators in OPE for QCD are quark and gluon operators with arbitrary dimension d and spin n. It can be shown that the contribution of any operator to l µν W µν is of the order
with the twist introduced as t = d − n. Therefore, the most important operators in OPE at Q 2 → ∞ are those with twist two contributing to F 1,2 and g 1 . The structure function g 2 involves twist three operators allowing a direct measurement of higher twist matrix elements. For unpolarised DIS we use as conventional basis for twist two quark and gluon operators
where ψ (u,d) denote the quark fields, F αβ is the gluon field strength tensor and the covariant derivatives D µ and
Dµ . Taking into account polarisation, the following towers of operators have to be added
with the dual field strength tensor
ǫ αβγδ F γδ . The moments of nucleon structure functions are then written at large Q 2 in the form
and
Due to the symmetry of the structure functions under charge conjugation only even n contribute to F 1,2 and g 1,2 . In the so called quenched approximation of lattice QCD, however, also operators with odd n are relevant. The coefficient functions c 1,n , c 2,n , e 1,n and e 2,n are calculable in QCD perturbation theory, the measured scaling violations are usually described by their Q 2 evolution. On the other hand the computation of structure functions themselves (at a given low momentum scale µ) requires nonperturbative methods ab initio. Note that µ-dependence in the matrix elements v
n (µ) arising from the µ-dependence of the renormalisation constants defined below should be cancelled by the corresponding µ-dependence in the coefficient functions. The matrix elements are defined from the operators as follows
p, s|O
Here {. (16) and (17) are the only traceless, symmetric tensors of maximum spin -i.e. n and n + 1, respectively -one can build from a single momentum vector and the polarisation vector s µ . Both operators have twist two. The operator O
5(f )
[σ{µ 1 ]···µn} , which is also traceless but of mixed symmetry, transforms irreducibly as well and has spin n and twist three. Besides the operators (10-13) used in DIS also point quark operators are of interest to calculate e.g. masses or decay constants:
The matrix elements for the lowest spins are calculable on the theoretical basis of lattice QCD using numerical simulation techniques which allow in principle to define the structure functions as physical observables on one common theoretical basis QCD. A lot of results for the matrix elements has been obtained by our QCDSF-collaboration, part of them are discussed in the talk of G. Schierholz [2] at this workshop.
Action and operator improvements
To reduce systematic discretisation errors in realistic lattice calculations to O(a 2 ), an improved action, proposed by Sheikholeslami and Wohlert [3] can be used. In their approach a higher dimensional operator is added to the Wilson action S W which is restricted by the same symmetries as the original unimproved action (a is the lattice spacing, r the Wilson coefficient)
F clover µν denotes the clover leaf form of the lattice field strength, σ µν = (i/2)(γ µ γ ν − γ ν γ µ ). The constant c sw which gives the strength of the higher dimensional operator is given in a perturbative expansion as c sw = 1 + 0.2659g 2 [4, 5] . The coefficient can be tuned to obtain on-shell improved Green's functions. The extra action piece adds a vertex contribution to the lattice Feynman rules. In Euclidean space-time the Lorentz group is replaced by the orthogonal group O(4), which on the lattice reduces to the hypercubic group H(4) ⊂ O(4). Accordingly, the lattice operators are classified by their transformation properties under the hypercubic group and charge conjugation. In ref. [6] we have identified all irreducible representations of the operators O and O 5 up to rank four. In the (Wick rotated) operators the covariant derivatives are replaced by the lattice covariant derivatives (with the link matrix U x,µ )
To be consistent in an improvement program, besides of an improved action, the operators under discussion have to be improved, too. We have constructed the fundamental bases necessary to achieve full O(a) improvement of point and one-link quark operators. This is achieved by adding higher dimensional operators with the same symmetry properties (parity, charge conjugation) as the original unimproved ones. The bases for point and one-link operators are listed in the following:
•t µν =ψσ µν ψ 
Renormalisation

Renormalisation conditions
In order to relate the matrix elements computed on the lattice to continuum matrix elements the so called Z factors have to be calculated. A consistent way would be to do this also nonperturbatively, e.g. on the lattice [7] . Here we present one-loop perturbative calculations (using totally anticommuting γ 5 ) which can be used as a first step to control the nonperturbative result. We present the Z factors with coefficients c i and c sw kept arbitrary. This allows to define the perturbative contributions of the various terms and their relative magnitudes. Moreover, this will allow to implement tadpole improved perturbation theory. There are several possibilities to determine renormalised quantities which can be compared to data obtained in experiments. We use the projection onto the tree structure (cf. e.g. [8] ). The finite quark operators renormalised at finite scale µ with their multiplicative renormalisation factors are given by the relations
q(p)|O(a)|q(p) is the amputated Green's function. Z ψ is the wave function renormalisation factor determined either via the quark propagator or via the conserved vector current [7] 
where Λ V c µ is the amputated Green's function of the conserved vector current. The definition (33) corresponds to the momentum subtraction scheme.
About the calculation and program code
The calculation basically amounts to the computation of integrals of the form
where K contains lattice quark and gluon propagators and sin, cos of lattice momenta p µ and k µ , the integration is over the first Brillouin zone −π/a ≤ k µ < π/a. The calculation of the loop integrals I is performed in two parts. We decompose (34) [9, 8] I =Ĩ + (I −Ĩ) ,
and the order of the expansion N is determined by the degree of ultraviolet (UV) divergences of I(a, P ) in the limit a → 0. Therefore, I −Ĩ is rendered UV finite and is computed in the continuum. The Taylor expansion of the lattice integral (the first term) will in general create an infrared (IR) divergence. To regularise the integrals dimensional regularisation is used. The IR poles ofĨ cancel those of I −Ĩ. UV divergent contributions (∝ 1/a n ) of the lattice integrals will cancel in the operator representations which we are interested in. Let us summarise some of the basic features of the developed program code.
• The program package written in Mathematica.
• Symbolic Feynman rules used as input, the program computes one-loop forward matrix elements of bilinear quark and gluon operators on a hyper-cubic lattice including O(a) contributions and in the continuum in symbolic form.
• Special features of the program: 
Quark self energy to order O(a)
First we discuss the one-loop self energy for quarks which contributes to almost all matrix elements of the operators discussed below. To transform between various renormalisation schemes both lattice and continuum contributions are listed. The bare fermion propagator is given by
where we present the self energy in the standard form
with C F = 4/3 for SU (3) . The bare mass m is defined by
The perturbative calculation is performed by expanding the massive fermion propagator in the mass parameter up to order O(m 2 ) for m 2 ≪ p 2 . For r = 1 we obtain in covariant gauge 
α is the gauge parameter (α = 1(0) for Feynman (Landau) gauge), F 0 = 4.369225, γ E = 0.5772 . . .
Operator renormalisation
The renormalisation factors Z O in the momentum subtraction scheme are given in the form
where γ O is the anomalous dimension and B O the finite part of Z O . As can be seen from (33) B O receives contributions from the one-loop amputated Green's function and the self energy diagrams (wave function renormalisation)
with
Since the Wilson coefficients are usually computed in the MS or MS scheme, one has to present the renormalisation constants in these schemes, too. The transformations between the different schemes are [7, 8] 
where γ O and B
cont O are given in Table 1 . The matrix element of point quark operator A µ to order O(g 2 ) up to O(a) is given by the form
As result for the amputated Green's functions we find 
Note that O(a) terms do not contribute to the tree-level structure, what is valid in general. Therefore, no dangerous O(g 2 a) or O(g 2 a log a) terms are present for massless quarks in Z factors defined in this momentum subtraction scheme. The finite contribution to the Z factor in MS is then found as 
The calculation in the case of link operators including improved action and operators is much more cumbersome. The O(a) contributions are still not known yet, however, they will also not contribute to the tree level structure. The Z factors have to be calculated in a special representation. Choosing the representation O (50)
Tadpole improvement
It is known that many results from (naive) lattice perturbation theory are in poor agreement with their numerically determined counterparts. One of the reasons is that tadpoles (lattice artifacts) spoil the expansion. Lepage and Mackenzie [10] proposed a rearrangement in the perturbative series in order to get rid of the numerically large tadpole contributions. These contributions are included in an essentially nonperturbative way using e.g. the measured value of the plaquette.
In lattice theory tadpole corrections renormalise the link operator so that the vev is considerably smaller than one. As a recipe ones scales the link variables with u 0 (g 2 ) measured in Monte Carlo
This leads to the consequences (g ⋆2 renormalised at some physical scale) of rescaling the variables
Here n i denotes the number of covariant derivatives in the higher dimensional operator part (proportional to c i ) and n D the number of covariant derivatives (links) of the original operator.
In that case one obtains a tadpole improved perturbative expansion of Z (53) with the improved perturbative expansion
which implies
For the representation O (56) To demonstrate the influence of tadpole improvement and addition of higher dimensional operators we show in Fig. 1 [16] the dependence of the critical hopping parameter κ c on c sw and F µρ F ρν [20] , [17] , [21] , [14] Table 2: Overview on published works on renormalisation factors of lattice bilinear operators operators. We would like to mention that in [5] and [22] the coefficients b P S,V,A and c i (for another basis of local point quark operators) have been obtained using the Schrödinger functional approach.
